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The  a  in  hors  luve  (MrnJrti  the  ttuory  of  Mimutited  K.iman  scaticiiii*:  to  include  the  cfT<vt\  of  laser 
banjuijihv  in  UkIi  the  transient  arid  stead* ‘Stale  traitors.  1  he  case  of  luo  mU-ravling  laser  beams,  a  ptinp 
laser  Mid  a  proK*  (Mokes)  laser,  is  tre.iied.  lAinf*  die  phnsr-Ud fusion  model  for  laser  bandwidth,  the  auihon 
denumstute  th.it  in  the  absence  of  di.j'cision,  the  forujid  Knm.m  gam  is  essentially  independent  of  the  laser 
bands* idths  in  the  tn('li  gain  limit,  v  ltde  in  the  low-gam  limit  the  gam  lociluirnt  is  nivnscly  projH>rt tonal  to 
the  sum  of  the  bamlwulthi.  It  is  further  shown  that  when  the  pump-laser  bandwidth  is  much  larger  than  the 
linewidth  of  the  Katn.ni  medium,  the  stimulated  Stoles  output  assumes  the  same  spectrum  as  the  pump  laser 
in  the  high  fam  limit.  A  po.stble  ;nteipre* atmn  of  these  results  is  discussed  assuming  a  “phase -locking"  of 
the  Stokes  phase  to  the  Huii-aiicns  in  ilte  pump-laser  phase,  due  to  the  nonlinca.  interaction  of  the  two 
beams  through  Else  Raman  medium. 
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I.  INTRODUCTION 


The  effects  of  finite  laser  bandwidth  are  being 
recognized  as  important  in  the  study  of  nonlinear 
optical  processes.  Resonance  fluorescence, *** 
two-photon  absorption,  second  harmonic  genera¬ 
tion,*  muliiphoton  ionization,10*11  and  stimulated 
Raman  scattering  are  all  areas  in  which  key  ele¬ 
ments  of  understanding  dc|>end  on  the  ability  to 
model  the  laser,  not  as  a  monochromatic  wave  of 
definite  phase  and  amplitude,  hut  as  a  multimode 
broad-band  wave  wi.li  fluctuating  phase  and  ampli¬ 
tude.  The  problem  c'  stimulated  Raman  scattering 
(SRS)  is  e  specially  timely  in  light  of  ongoing  ef¬ 
forts  to  use  it  as  method  for  developing  new  co¬ 
herent  light  sources'*  as  well  ai  compressing 
high-energy  User  pulses  to  achieve  higher  peak 
powers  for  use  in  laser  fusion.”  In  applications 
of  these  types  a  detailed  understanding  of  all  the 
factors  influencing  the  efficiencies  of  the  process¬ 
es  is  obviously  desirable.  However,  one  import¬ 
ant  (actor,  laser  bandwidth,  has  not  yet  been  fully 
explored. 

Recently,  two  groupNls,“  have  observed  a  large 
forward-backward  asymmetry  of  the  Raman  gain, 
which  Uiey  attribute  to  the  broad-band  nature  of 
the  pump  laser  used  These  were  in  the  absence 
of  other  effects,  such  a.',  solf-foeuslng  or  extran¬ 
eous  feedback,  which  am  known  to  produce  anom¬ 
alous  gains.1’  These  asymmetries  arc  consistent 
with  several  llit-ort  ileal  -t-dictions** 10  that  in  the 
backward  direction  (counter  propagating  pump  and 
Stokes  wave:  !  the  gain  cuolficicnt  is  proportional 
to  (T  ♦rtrl,  where  F  and  l't  arc  the  spectral 
widths  of  the  Raman  medium  and  the  pump  laser, 
respectively;  while,  in  the  forward  direction,  in 
the  absence  of  dispersion  of  the  Stokes  wave  re¬ 
lative  to  the  pump  wave,  the  gain  coefficient  is 
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proportional  to  r*‘  alone.  Carman  el  at.1*  refer 
to  this  as  “the  ralher  startling  conclusion. . .  that 
the  Stokes  gain  is  independent  of  the  frequency 
spectrum  of  Hie  (pump)  laser...  even  if  this 
spectrum  is  much  broader  than  r."  Thus  when 
rt  is  much  larger  than  T  the  forward  gain  is  much 
larger  Ilian  thr  backward  gain.  These  results  go 
against  intuition  based  on  the  idea  that  gain  should 
depend  on  the  number  of  photons  per  unit  frequency 
In  the  pump  beam.  Apparently,  Hie  concept  of 
photons  as  independent  incoherent  bundles  is  in¬ 
adequate  to  describe  the  subtleties  in  the  SRS 
problem. 

The  purpose  of  this  paper  is  to  further  develop 
the  theory  of  SRS,  including  the  effects  of  finite 
laser  bandwidths,  in  a  way  that  allows  explicit 
calculation  of  the  gain  and  spectrum  of  the  Stokes 
wave.  We  consider,  as  in  Fig.  1,  a  medium  of 
three-level  atoms  interacting  with  two  classical 


FIQ.  1,  Three-level  atom  Interacting  with  a  pump 
lasor  with  frequency  Wj,  and  a  pi-otie  (Stokes)  laser  with 
frequency  w(.  The  cumulative  detuning!;  are  At  and  As. 
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••letTnmi.i  i.clu-  wave;..  i.no  a  |iuni|>  IIjh  i  )  wave 
.mil  l!u'  utlii  i  a  Mi*1.i  j.  w.ivr.  difliiin:  in  I  rt’i|i:ilii’y 
by  llie  It.! man  Mult  *.f  tin  mi'dium.  Iintli  wares 
have  constant  ampliludi  s.  bul  phases  uhirli  fluc- 
t u ate  randomly.  i.ivin,’.  rise  In  h.iitdwiitllts  I',  amt 
rs,  This  is  tin*  "ph.iso-iliflnsinti  nit'diT,  ”  which 
has  been  use'I  iii'intly  ,,s  a  means  In  nnTutle 
bandwidth  etlerts  mtn  the  calculation  nl  lir.hl- 
scattcrm,;  S|H‘ctrj. as  Well  as  nuilliphi.ini) 
ionization.1  Tbc  caleulatmns  aie  |vrl.>rmej 
as  statistie.il  averages  over  the  raiiitniii  phase 
variables  nl  the  two  waves.  Previous  treat¬ 
ments1"'  l'*  nl  SHS  attcmpteil  to  aecominntlatc  both 
fluctuation  phases  and  amplitudes.  We  will  diseuss 
later  why  the  inelusion  uf  amplitude  fluctuations 
in  (his  problem  is  such  a  dilfieull  task.  Within 
the  stated  model,  we  verify  the  inde|iendence  of 
flic  forwaid  pain  from  the  pump  width  T,  and  the 
Stokes  width  rs,  in  the  high-gain  limit.  Further 
we  wilt  show  that  in  the  ease  that  the  width  of  the 
pomp  laser  l't  is  broader  Ilian  the  Raman  line- 
width  I',  the  amplified  Stokes  signal  assumes  the 
spectral  width  of  the  pump  laser,  regardless  of  its 
initial  width. 

Aklmianov,  IJ’yakov  and  Pavlov”  have  separated 
the  problem  into  four  regimes  of  interest:  (i)  T L 
«1\  with  no  dispersion;  (ill  Tt«r,  with  dis¬ 
persion;  (iii)  rt»r.  with  no  di'  persion;  (iv) 

»  T,  with  dispersion.  Case  (i)  was  considered 
by  lUoombergen  and  Slion, ;0  who  predicted  an 
enhancement  of  the  forward  gain  for  a  multimode 
laser.  In  this  paper  we  treat  mainly  case  (ili), 
where  the  laser  linewidth  ts  broader  than  the 
atomic  linewidth.  Here  there  Is  no  enhancement, 
but  neither  is  there  a  significant  suppression  of 
the  gain,  compared  to  that  calculated  tn  case  (i) 
in  the  limit  Tt-0.  Carman  cl  al have  also 
treated  case  (iii),  and  they  reached  essentially 
the  same  conclusions  by  calculating  numerical 
solutions  to  the  problem.  Cases  (ii)  and  (iv)  treat 
the  effects  of  dispersion.  There  is  a  consensus'*1 
,*,1‘  that  broadening  of  the  laser  in  the  presence 
of  dispersion  docs  result  in  a  lowering  of  the  gain, 
due  to  the  inability  of  the  Stokes  wave  to  slay 
correlated  with  the  pump  fluctuations  as  they  pro¬ 
pagate.  However,  Akhmanov  el  al,n  have  bliuwn, 
further,  that  there  is  a  critical  pump  intensity, 
above  which  the  effects  of  dispersion  are  overcome 
and  the  gain  coefficient  increases  again  l<.  nearly 
the  narrow-band  value. 

Dzhotyan  el  nl.'1  have  treated  the  problem  by 
assuming  (lie  pump  and  Stokes  waves  to  be  com¬ 
posed  of  many  monochromatic  modes,  with  uniform 
.frequency  spaeings  large  compared  to  the  Raman 
linewidth  l'.  This  results  in  significant  interaction 
only  between  certain  resonant  pairs  of  modes  (one 
pump  and  one  Stokes).  This  approach  can  be 


lhoiigtil  of  as  complementary  to  llie  present  ap¬ 
proach,  in  which  tin  cm  rgy  in  the  waves  is  lal.cn 
lobe  spread  i oiituiuously  over  a  small  frequency 
interval.  The  multimode  approach  of  Palioty.iii 
el  nl.  is  a  gciier.ili/atum  of  an  idea  developed  by 
Giordmumc  and  Kaiser"'  (and  discussed  by  liver 
and  licrbst  ■  ),  in  which  the  pump  and  Stokes  waves 
each  consist  of  two  modes.  This  treatment  illus¬ 
trates  tlie  relationship  of  SRS  with  four-wave 
parametric  interactions.  Another  related  dis¬ 
cussion  is  that  uf  Harris,  ”  in  which  the  threshold 
for  parametric  oscillation  with  multimode  lasers 
is  shown  lo  depend  only  on  the  total  power  in  the 
pump  laser. 

In  Sec.  II  we  derive  the  equations  of  motion  for 
the  Raman  problem  in  a  novel  way  by  using  the 
"two-photon  vector  model”  of  Takatsuj i:  1  and 
Griselikowsky  cl  nl.n  In  Sec.  HI  we  review  the 
general  solutions  of  the  equations,  following 
Carman  el  n/.‘*  and  evaluate  the  gain  with  mono¬ 
chromatic  pumping  for  both  the  transient  and 
steady-slate  limits.  Then  we  apply  the  phase- 
diffusion  model  to  evaluate  the  gain  under  ar¬ 
bitrary  broad-band  pumping  conditions,  again  in 
both  the  transient  and  steady-stale  limits.  In 
See.  IV  we  calculate  the  spectrum  of  the  amplified 
Stokes  wave  by  considering  its  autocorrelation 
function  in  the  steady-state  limit.  In  Sec.  V  we 
discuss  a  possible  interpretation  of  the  results 
obtained,  and  in  See.  VI  we  summarize  the  main 
results  of  the  paper. 


II.  EQUATIONS.  OF  MOTION 


Here  we  give  a  novel  derivation  of  the  usual 
equations  of  motion  for  the  Raman  problem  and  a 
discussion  of  the  physical  model  leading  to  them. 
For  simplicity,  we  tre.T  the  case  of  ncar-rcson- 
ancc  Raman  Stokes  scattering,  in  which  only  three 
atomic  levels  need  lo  be  considered.  Thus  we  con¬ 
sider  a  vapor  of  atoms  with  energy  levels  shown 
in  Fig-  )•  A  pump  laser  is  tuned  near  (but  not  on) 
the  1-2  transition  and  a  probe  laser  is  tuned  near 
(but  not  on)  the  2-3  transition.  It  is  sufficient  lo 
treat  the  pump  laser  as  a  prescribed  field  as  long 
as  it  is  not  depicted.  The  probe  laser  will  ex¬ 
perience  gain  in  a  manner  dependent  on  both  the 
amplitude  and  phase  structure  of  the  pump  laser. 

Consider  the  fields  T.L  (pump  laser)  and  Es 
(Stokes,  or  probe  laser)  acting  on  the  three- level 
alort  of  Fig.  1.  Eel 

Et  -  S lSlcob(u<Lt  -kLi  i  coB<pt,  (la) 

Ei » S,S,  coB(u'j<yj&,z*  co»0j ,  (lb) 
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v.iipri1  St  ami  J*  s  ,m*  Mu*  ampUtinU-s  of  Mu* 

wavrF,  with  Iiiumi*  p.il.in/.ition  vi  c  tors  .iu«l  is, 

earner  t  m*  jm  tu  iri.  u';  an*l  i*\. . 

vectors  K|  k*  Ks2.  aiut  slowly  varying 

phases  aiul  vV  The  state  of  the  atom  can  lie 

written 


t  =<V* 


#  > -Is 


(2) 

where  n„  n .,  and  n,  are  the  slowly  varying  co¬ 
efficients  in  a  “doubly  rotating  frame,  ”!l  and 
and  tl  j  are  the  stationary  eigenstates  of  the 
atomic  Hamiltonian,  with  energies  fi<e,,  ftu,,  and 
Kwy  At  f  =  0  the  atom  is  in  the  ground  stale  (<r, 

-1,  a,  -  n,  -  0)  and  afterwards  the  coefficients 
evolve  according  to  Schrddmgcr's  equation 


f<ti  =  -5niflj. 

in,  =  (At  -  V>L)n2  -JOid,  -  ifijitj , 
ia,  =  (A$  -  +  <1>S  )a ,  -  , 


(3a) 
(3b) 
(3c) 

where  the  detailings  are  At  -  usi  -  uit  and  As  =  wn 
+  u>,  -  ut.  The  Habi  frequencies  for  the  two 
transitions  arc  given  by  ttl-dtiSl//i  and  ft, 

=  d1,Ss/ti,  where i),,  *  '  xL  and  d:j  -  d;]  •  vs  are  di¬ 

pole  matrix  elements.  The  rotating-wave  approxi¬ 
mation1*  (inVA)  has  been  invoked  in  writing  Eq.  (3). 
This  is  valid  when  the  detunings  are  small  enough 
(AI«u',|,  as«w„). 

Several  authors51'”  have  discussed  the  case  in 
wliich  level  2  may  he  eliminated  from  the  Eqs. 
(3a)— (3c).  When  At  is  much  larger  than  A,  and 
tlic-  ficltis  have  no  appreciable  Fourier  components 
at  the  atomic  frequencies,  we  may  set  i, a  0  in 
Eq.  (3b)  and  get  (neglecting  i>t) 

n,Ri(jlJi<i|  +  ,nl<J3)/Ai.  (4) 


This  approximation  is  the  basis  of  the  "two-photon 
vector  model”  of  Takatsuji34  and  Grischkowsky 
el  at.,’ 5  and  is  discussed  more  fully  in  Appendix 
A.  Using  this  approximation  in  the  Sehriklingcr 
equation  (l  q.  (3)],  one  may  obtain  two  equations 
for  a,  and  a,,  which  are  identical  in  form  io  those 
of  a  one- photon  transition  with  effective  Habi  fre¬ 
quency  it,  jiitfls/A^  and  effective  detuning  A# 

-  As  ♦  i  (It,/  —  fijJ)/ At ,  which  shows  the  effect  ut 
ac  Stark  shifting.  We  write  the  resulting  equations 
in  the  convenient  llloeli  form, ”  using  U  t  iV  -  2a, af, 
and  IT  Ojfli 

U--  (A,-v\.i?s)E-XT/,  (5a) 

^ ‘  (A, -  V’r  ♦  V’j  W  *  n,ll' -  l’l' ,  (5b) 

lV-fl,t'.  (5e) 

Here  wc  liavc  included  (tie  phenomenological  col- 


lisnmal  depliasim;  rale  1‘,  wliieli  is  tin*  hallwidtli 
al  half  maxiiiium  (HVV1IM)  in  rad  sec'1  for  the 
(Hainan)  transit  ion  between  levels  I  and  3. 

To  describe  Itam.in  amplification,  one  must 
solve  the  wave  equation  for  the  Stokes  wave 

a»E,  2  °'j% 

o*“  “  v3  "vi1  ?'  tit3  ’ 


(6) 


where  v  is  the  velocity  in  the  medium,  and  L*  is 
the  polarization  of  the  medium.  Considering  only 
Fourier  components  close  to  the  carrier  frequency 
u>tl  and  only  the  linear  polarization  £, ,  leads  to 
a  polarization 

P*N  ( ^ |3 •  f,  p)  =  2Af<f„ne((?,nJ)cos01 

+  2A'<f„  Im((T,« *)  simf>5  ,  (7) 

where  N  is  the  atomic  number  density.  Making 
use  of  Eq.  (7)  for  the  polarization,  Eq.  (4)  to  again 
eliminate  it,,  and  the  slowly  varying  envelope 
approximation,  33  one  can  write  Eq.  (6)  in  the  form 


»S,  IM.  ,  .. 


(8a) 


where  K1~vNu)svd„dli/e,rieil  and  the  plus  and 
minus  signs  are  for  copropagating  and  countcr- 
propagalirg  pump  and  probe  beams,  respectively. 
Equations  (5)  and  (8),  along  with  a  similar  one  (or 
the  pump  laser  6t,  completely  describe  the  pro¬ 
pagation  and  material  response  for  the  Raman 
problem,  including  the  effects  of  phase  modulation 
(<£{,  Vs )•  They  have  been  derived  by  Takatsuji” 
and  by  Courtcns5*  in  essentially  the  same  form  and 
used  for  considerations  of  optical  transient 
phenomena. 

In  contrast,  we  arc  interested  tn  the  special 
case  that  the  atoms  are  weakly  excited  and  the 
pump  laser  is  a  prescribed,  external  field.  Thus 
we  take  for  the  inversion  IF- -l,  W*0  tn  Eq.  (5). 
Wc  also  assume  exact  resonance  (Af  -  0).  The 
remaining  four  equations,  (Da),  (5b),  (8a),  and 
(8b),  can  be  combined  into  two  complex  equations. 
Detining  the  quantities 

£t  =  5te'»z; 

Q  =  W  +  iV)eH,i-s\ 
wc  obtain  directly 

BO* 

-ifp-r  *2*.. 


(9) 


(18a) 


(10b) 


where  *,  - dlld„/2h,&t.  These  two  coupled  equa¬ 
tions  arc  the  starting  point  for  many  theories  of 


ft 


Till  O  It  Y  III  STIMII.WIII  K\M\N  MIATTIHIM.  WITH... 


2.107 


hllintil.iU'l  II. mi. in  .■■I'.itliTli  i..  They  have  tn.ii.illy 
been  derived  in  llii'  eoupled  wave  ,i|i|»ri'.lt'h  n(  inin- 
linear  * >|>1 1 cc.  '  fur  tin-  cast-  <>l  molecular  Hainan 
Mattering.  where  if  u;  thr  inn  mal-mndo  ciurdinaU- 
of  a  molcitilar  vibration  ami  is  often  ratted  an 
opt  teal- pin  iniui  wave.  In  those  treatments.  per* 
turhalion  theory  v.  as  iis«-il  I rum  the  brgimiiiv.  ami 
(ho  coupling  nin.siants  v,  an  t  i: .  wore  given  in 
terms  of  molecular  polariznlnlitics.  Hero  wo  have 
provided  a  connection  between  the  “two- photon 
vector  model”  and  the  standard  theories  of  Hainan 
propagation.  We  have  given  the  explicit  relations, 
Eq.  (9),  between  the  variables  used  in  tin1  earlier 
nonlinear-optics  theories  ami  the  more  modern 
optical  resonance  or  Illoeh  vector  picture,  which 
has  been  used  here,  and  continues  to  give  insight 
into  many  laser- related  problems. 

III.  EVALUATION  OI:  RAMAN  CAIN 

General  solutions  of  Eq.  (10)  have  been  obtained 
in  the  case  of  copropagating  waves  by  Carman 
el  <rf."  In  this  case  the  prescribed  undepleted 
pump-tascr  field  Et  depends  only  on  the  local 
time  variable  T  -  I  -  t/v.  It  is  assumed  that  the 
waves  travel  with  equal  velocity  (kL  -  kt ),  i.e., 
there  is  no  dispersion.  Denoting  by  Es  (0,  r)  the 
Stokes  field  at  the  input  of  the  cell  U  =  0),  the 
solution  for  the  Stokes  output  field  is'* 

E,(z.t)  =  E,( O.t) 

X/l<{4«l*.1*{/>(T)-/.(T')]},'J) 

X*i(T)fc-2(T')£,(0,T')<fT',  (Jl) 

where  /,(: r)  Is  the  Bessel  function  of  Imaginary 
argument, '*  and 


t(r)*  f  dr- 

/n 


Is  the  integrated  power  in  the  pump  laser  up  to 
lime  t. 

A.  Stokes  pin  for  monochromatic  pump  and  input  waves 

It  is  Instructive  to  review  the  properties  of  the 
solution  (11 )  for  the  case  that  the  pump  wave  and 
the  input  Stokes  wave  are  constant  and  monochro¬ 
matic.  In  this  case  we  have  £t(r)  =  t'2(T')  =  6't  and 
Eg  (0,  t')  ~  $ |0,  This  leads  to 
fa.p/a 

£«(*>  T)  =  6  jo  +  6  jo  — j - 

x  J’^=mazx),,z]dx,  (12) 

where  we  have  used  *  -t  -t*,  />( r)  and  a 
6',.  Following  Wang”  wc  present  analytic 


approximations  and  iminciical  evaluations  of  the 
Stol.r:;  output.  given  liy  Eq.  (12),  for  Iw  •  diflcrcnt 
limits. 

I  7  rjinirni  limit 

The  transient  limit  necurs  for  limes  much  sliort- 
cr  than  the  rcripriK'al  of  (he  Ham. in  hm  width 
(I  t  1).  After  replacing  «*’r“  hy  1  in  I’q.  (12),  (ho 
into  peril  ran  be  dime  lu  i;i  voiCs  Cr  .T)  =  oSl,/„|(a.-r)l/  a|, 
which  fur  larpc  enough  a: t  lr;ids  to  the  asymptotic 
form  for  the  output  Stokes  intensity 


VJ(,,T)=>£i2 


*  ‘  2i  (ozt)'" 

(high  gain,  Tt  -kI).  (13) 

We  have  used  the  property  /,(.v)-c*/( 2».v)l/J,  for 
x-«,  for  any  f.”  Equation  (13)  is  the  usual  re¬ 
sult  for  the  transient  Hainan  effect. ,T  It  is  inter¬ 
esting  to  note  that,  in  the  transient  limit,  the 
Raman  gain  given  by  Eq.  (13)  does  not  depend  on 
the  Raman  linewidth  1‘. 

2.  Slrtdy-tlmlr  limit 

The  steady-stale  limit  occurs  lor  times  much 
larger  than  the  reciprocal  of  the  Raman  linewidth 
(rr»  1).  Extending  the  upper  limit  to  infinity, 
the  integral  in  l’q.  (12)  can  be  done  exactly1”  to 
give  for  the  Stokes  intensity 

A'}(x, T)«  $}«<■**  (arbitrary  gain,  rr»l),(14a) 


g  2r  r  •  (14b) 

Tiic  steady-state  gain  coefficient  £  is  the  usual 
one  derived  for  stimulated  electronic  Raman 
scattering.  *“  It  does  depend  on  the  Raman  line- 
width  r,  in  contrast  to  the  transient  case. 

Equations  (13)  and  (14a)  for  the  output  Stokes 
Intensity,  along  with  numerical  evaluation  of 
Eq.  (12),  are  plotted  in  Fig.  2,  as  a  function  of 
gt,  or  equivalently,  pump  laser  Intensity,  for 
both  a  transient  case  (1't=  10*-)  and  a  steady-state 
case  (Et  »  10’).  Here  we  interpret  r  as  the  pulse 
duration  of  the  pump  laser.  Equation  (13)  (or  the 
transient  gain  (rr  =  10"')  is  seen  to  agree  well  with 
the  exact  numerical  results  when  toglo(Ej/5;0) 

>1,  while  Eq.  (14a)  for  the  steady-state  gain  (Et 
=  10')  agrees  everywhere.  Note  that  the  values 
below  !og,o (EJ/4'j„)  - 0  are  unphysical.  The  other 
four  curves  In  Fig.  2  show  the  effects  of  laser 
bandwidth  on  the  gain,  as  described  in  Sec.  Ill  U. 

B.  Raman  gain  fur  l>riudluiitl  |Kimp  and/ur  iii|Hil  wave* 

Wc  now  evaluate  the  Hainan  gain  in  the  case  that 
the  spectral  width  of  cither  the  pump  laser  or  the 
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Flukes  input  » .nr  (<>r  li< .till  is  ill  eater  than  tlu' 

II .1111,111  hncuitlih  ll't  •  T j  *  ll.  *1  Inn  can  be  ac¬ 
complished  by  perlurmini:  .in  average  of  the 
general  si. lull. si,  Eq.  (11),  iivi  r  ,i  statistical  vn- 
6viiil.lv  cl u>Siil  In  nuilvl  tin-  b.imlu  nil lis.  An 
especially  useful  model  is  lh.it  i.l  phase  diffu¬ 
sion,  •'*“  in  which  the  In  Id  amplitude  S  L  is  constant, 
but  the  phase  buffers  abrupt  changes  at  an  an  rage 
rate  21’!  (see  Appendix  B).  The  field  autorurrcla- 
tion  (unctions  are  then 


«£t(T)£2(r')»  =  ££e'rz,’*r  1 

(15a) 

«Ej  (0 . T  )£  j  (0 , r  * )))  -  6  *  oe"r* 1  1 1 

(15b) 

which  lead  directly  to  Lorontzian  line  shapes  with 
halfwidths  (IIWHM )  equal  to  Tt  for  the  pump  laser 
and  I",  for  the  input  Stokes  wave.  The  brackets  t(  )) 
Indicate  an  ensemble  average  over  the  statistical 
fluctuations  of  the  field.11  This  model  describes 
a  stabilized  laser  operating  far  above  threshold, 
but  it  also  proves  to  be  very  convenient  mathe¬ 
matically. 

The  intensity  of  the  output  Stokes  wave  is  given 
by  «!£sU,t)|;».  To  evaluate  the  intensity  of  the 
Stokes  wave  we  first  introduce  some  notation: 


/Or)  =  k'r,/n  U.Kaz.v)1'-'] ,  (16a) 


W-J/tr-  r'^mnU^r'. 


(16b) 


Then  from  Eq.  (11),  using  /> (r )  =  S\t  in  accordance 
with  the  phase  diffusion  model  for  the  pump  laser, 
we  have 


£j(*,t)  =  £|(0,  t)  +  5 JO{|((or^),/ 2)}/-'(r ) ,  (17a) 

<C | (* . T ) | *»  -Ssa*S^0(a^),,^ 

x«t's*(0,T)F(T))) 

♦^!<,[}(<vs)]«|r(r)|s».  (17b) 

The  second  term  in  Eq.  (17b)  can  he  easily 
evaluated  using  Eq.  (15), 

((EJ(0,t)>(t)))  =  51o  (’/(t-t-) 

*/0 


where  we  have  assumed  statistical  independent  of 
the  waves  at  t  -  0;  that  is 

«fc't(r)E;(r')f.s  (0,  t')/:s'(0,  r ))) 

=  «£,.(r)t;(r')»«E,( 0,  t')E*<0,  t)» 

(sec  Itef.  32).  This  integral  is  identical  to  the 
Integral  in  Eq.  (12),  hut  with  1’  replaced  by  f  •  l't 
♦  l'j.  Thus  when  l’t  ♦  I’,  •'>!’,  this  term  grows 
with  a  very  small  gain  coefficient.  This  is  in 


FIG.  2.  Norm  illzcd  Stoke*  output  Intensity  as  t  func¬ 
tion  of  gain  confident  gs  (or  equivalently,  pump  laser 
Intensity)  under  various  physical  conditions  snd  differ¬ 
ing  levels  of  approximation.  The  curve  Ishelrd  “NB,  SS” 
Is  the  narrow-band  steady-state  result  obtained  from 
Eq.  (Ida),  or  Eq.  02)  with  Et»10!,  where  r  is  Die 
Haman  lincwldth  and  r  is  the  laser  pulse  length.  The 
"NB, Tit”  curves  are  the  narrow-band  transient  results, 
obtained  exactly  from  Eq.  (12)  with  Tr-IOT*  (solid 
curve),  or  approximately  from  Eq.  (13)  (dashed  curve). 
Tho  curves  labeled  "im,  SS”arc  the  broad-hand  steady- 
state  results  obtained  exactly  from  Eqs.  (17b),  (18), 
and  (20b)  with  Tt-IO*  (solid  curve),  or  approximately 
from  Eq.  (25)  (dashed  curve).  The  “BB.TIt”  curvrs 
are  the  broad-band  transient  results  obtained  exactly 
from  Eqs.  (17b),  (18|,  and  (201.)  with  1*7-*  10* :  (solid 
curve),  or  approximately  from  Eq.  (22)  (dashed  curve). 
Tho  broad-hand  curves  arc  for  a  bandwidth  ratio  ( T L 
+  rs)/r=  104,  where  T,  and  Tj  arc  the  bandwidth*  of 
the  pump  and  prolje  (Slola-s)  lasers. 


contrast  t<>  the  third  term  in  Eq.  (17b),  which,  as 
wc  will  bee,  grows  with  essentially  the  narrowband 
gain  given  in  Eq.  (14a).  Thus  we  expect  the  third 
term  of  Eq.  (17b)  to  be  dominant  in  tho  high-gain 
limit.  Using  the  correlation  functions  given  by 
Eq.  (15),  one  can  evaluate  this  third  term  as 


i 
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2in'» 


«|nr)l  ■»  f  /"/ (T -  r*)/(T - 


f/r',/T* 


(10a) 


■  J'  -  t'V(t  -  i*)r*,ri'rs,l,'",‘ 1  t/i'i/r*  , 

whi  rl'  vc  used  (ho  furl  (hal  Et  (t)E;(t) .  o ;  i;,  in. 
ilciK'iulcnt  of  tho  slat i.o i cal  averaging.  To  evaluate 
the  {Inutile  integral  ill  Eq.  (IDb),  wc  note  dial  the 
exponential  factor  is  much  different  from  zero 
only  near  the  line  t'  ■  r'.  In  the  imit  that  Av ) 
changes  very  slowly  in  a  time  (I’t  i  l’s)‘‘  (i.e., 
f,  at  i’4  i  I's),  we  can  replace  the  exponential 
factor  by  the  properly  normalized  6  function 
2<rttrj)'  We  then  i;cl 

«| |Vtr)|*» a  ■■ 2  ■■  f  /'(t-t ')dr'  (20a) 

2  C*  e~7Tt 

-p - pr-  I  — —  7j( (or^.v)1  /21  »/ar .  (20b) 

1  L  ♦  1  S  •'o  A 

In  similar  fashion  to  the  integral  in  Eq.  (12),  this 
integral  can  be  evaluated  analytically  as  well  as 
numerically,  in  the  two  limits: 


I.  Transient  limit 


As  before,  forl'T«l,  the  exponential  can  be 
replaced  by  1  anil  the  integral  done  (in  this  case 
asymptotically,  using  the  asymptotic  form  for 
l,)  If  give 


«|*'(T)|,»-~ 


1  ftCsn'12 

ir{l'L  *  I's  )  az T 


(21) 


Thus,  in  the  high-gain  limit  where  Eq.  (17b!  is 
dominated  by  the  last  term,  we  find  that  the  Stokes 
output  intensity  in  the  transient  limit  is 
.1/2 


m2 


(high  gain,  X't«1). 


(22) 


Dccausc  of  the  form  of  the  exponential,  this  result 
for  the  broad-band  transient  will  be  nearly  indis¬ 
tinguishable  from  the  result,  Eq.  (13),  for  the 
narrowband  transient. 


2.  Steady-state  limit 

To  evaluate  the  steady-state  limit  of  Eq.  (20b), 
we  extend  the  upper  limit  of  the  integration  to 
infinity,  and  do  the  integral  lo  give11 


«|  lf(-)|7» 


_ at 

4E(f't  -  I's) 


(23) 


where  ,Ft  is  die  generalized  hypergeometrir 
function,  which  can  be  evaluated  asymptotically 
for  large  argument  as11 

.F.O.l  ;2,3,r)-(4//7)cVx'/J.  (24) 


(19b) 


This  leads  lo  an  asymptotic  form  for  the  Stokes 
intensity  under  broad-band  steady-stale  Ingh-gain 
conditions: 


«|£,U.~)|!» 


-SI 


r  c" 
i’i  ♦  i's  TwT7' 


(high  gain,  rT»l).  (25) 


It  can  lie  seen  by  comparing  the  Stokes  intensities 
given  by  Eqs.  (25)  and  (14a)  that  under  the  condi¬ 
tions  assumed  (copropagating  waves,  no  disper¬ 
sion),  the  growth  of  a  Stokes  wave,  in  the  steady- 
state  high-gain  limit,  is  virtually  unaffected  by 
either  ils  input  bandwidth  or  that  of  the  pump 
laser.  We  can  demonstrate  Ibis  result  by  writing 
die  output  Stokes  intensity  as 

«|£s(*.”>|"»  =  6,}0ce,  (26) 

c  =  c*.  -  influx +rJ)/r](vcI(,),/l},  (27) 

where  CNe  =  gz  is  the  narrow-band  gain  coefficient 
from  Eq.  (14b).  Thus  for  large  gain  the  difference 
between  G  and  GKB  becomes  relatively  insignifi¬ 
cant.  We  will  present  a  possible  interpretation  for 
this  result  in  Sec.  V.  Equation  (27)  is  similar  to 
the  result,  conjectured  by  Carman  cl  of.,  ”  that 
C  =  GKU-ln[(rI/r)G1,a).  The  difference  between 
our  result  and  theirs  (when  r,  -0)  may  be  due  to 
the  fact  that  they  allowed  also  for  amplitude 
fluctuations  of  the  pump  laser,  whereas  we  have 
restricted  ourselves  to  phase  modulation  alone, 
in  order  to  make  an  explicit  calculation  tractiblo. 
The  calculation  becomes  inlractiblc  when  ampli¬ 
tude  fluctuations  arc  present  because,  then,  />(t) 
in  Eq.  (11)  is  a  random  variable  which  makes  the 
statistical  average  difficult  to  perform. 

As  in  the  narrow-band  case,  tve  plot  the  broad¬ 
band  Stokes  intensities,  Eqs.  (22)  and  (25),  in 
Fig.  2,  along  with  numerical  evaluation  of  the 
Stokes  intensity  front  «|EjU,t)|?»,  defined  by 
Eqs.  (17b),  (18),  and  (20b).  Since  Eq.  (20b)  is 
valid  only  for  Ft  *  Ts  »  T,  at,  wc  have  plotted  the 
extreme  case  dial  (l’t  -  10',  in  order  to 

demonstrate  die  validity  of  the  asymptotic  forms 
Eqs.  (22)  and  (25).  Again  we  have  plotted  the 
transient  and  steady-state  cases:  Ft  =  10’1  and 
10’.  Again  we  see  agreement  of  die  asymptotic 
forms  with  the  exact  numerical  results  when 
log«|Es(z,T)|*»/ii„.l. 

We  may  now  compare  the  narrow-band  and 
broad-band  results.  For  Ibis  extreme  steady-state 
case,'  (l't  ♦  r,)/r  =  10',  wc  sec  a  significant  sup- 
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pressiim  <>(  the  i.-i  m  in  I  lie  lurn-on  itrlnn  i  t>r  li.illt 
ll'.insient  ami  Meady-i-hde  limit: .  However, 
ai'mi  tilin'.  In  I  (27),  .it  very  high  I'.uns  tin*  tlil - 
foreniT  biTwttn  the  narrmv-  anil  t*roatl- burnt 
Kliimil. ilt'tl  out |  nt n  lit'i'mm  .s  loss  amt  loss,  rolatnv 
to  llioii'  ahsoluh  magnitudes.  It  is  intoi  ostin;',  that 
the  broad -band  nul|*ul  exhibits  a  threshold-type 
behavior,  in  contrast  to  the  exponential  behavior 
of  the  nar row- Ij.imi  output. 

Although  the  piineipal  interest  lit  re  is  in  the 
high-gain  limit,  some  comments  can  also  be  inatle 
about  the  low-gam  steady-slate  limit,  important 
to  such  experimental  techniques  as  CAHS  (coher¬ 
ent  anti-Stokes  Raman  scattering).  Thus  we  will 
find  the  terms  in  Eq.  (17b)  which  are  of  lowest 
order  (linear)  in  az.  It  can  be  shown*1  that  the 
third  term,  containing  ((|f(T)|J>,  is  quadratic 
in  az  as  az-0  and  can  thus  be  neglected.  The 
first  and  second  terms  tn  Eq.  (17b)  are  evaluated, 
using  Eq.  (18)  with  the  upper  limit  r  taken  to  in¬ 
finity,  to  give3’ 

«|£*U.“)|’»  =  Si„(2c'»»*/,-l),  (28) 

jr„  =  a/2(i%r1  +  r,).  (29) 

In  the  limit  az-O,  this  reduces  to 

«|£»U.«)|,)>  =  6,i0<U*,t*> 

(low  gain,  rr»l).  (30) 
We  see  that  in  the  low-gain  steady-stain  limit, 
the  SHS  grows  linearly  Willi  the  (“broad-band") 
gain  coefficient /rBB.  Tills  ts  the  result  that  would 
naively  be  predicted  on  the  basis  of  photons  per 
mode,  as  discussed  in  Sec.  I. 

C.  Rjman  pin  foe  11  binary  londwidtiu 

Here  we  analyze,  numerically,  the  properties 
of  the  stimulated  output  when  the  condition  rttT, 
»r,  az  is  nut  necessarily  upheld,  as  was  assumed 
in  Sec.  1IIU.  First  note  that  if  we  take  (rt  t  rs)/r 
•  10*,  rather  than  10'  as  used  in  Fig.  2,  the  analy¬ 
sis  of  Sec.  Ill  Bis  valid  only  for  gz<  10*,  makingpro- 
diction  of  the  broad-band  transient  above  x'z  -  103 
impossible  by  those  methods.  However,  also  note 
that  the  solution  in  Eq.  (19b),  before  approximation 
to  obtain  Eq.  (20),  contains  the  information  we  arc 
seeking  in  the  general  ease.  Thus  we  evaluated 
Eq.  (19b),  by  a  numerical  method  discussed  in 
Appendix  C,  and  obtained  the  output  Stokes  in¬ 
tensity  <( | Cs (a, T) | *»  defined  by  Kqs.  (17b),  (18), 
and  (19b).  These  results  are  shown  in  Fig.  3. 
where  we  have  covered  a  large  region  of  tlie  in¬ 
teresting  parameters:  Fr  anti  (rt  *l'4)/r  both 
vary  between  10"'  and  103, 

Beginning  with  Fig.  3(a),  we  sec  that  the  laser 
bandwidth  has  little  effect  on  (lie  gain  in  the 
transient  limit  (Ft  =  10"1).  This  is  not  surprising, 


as  a  short  laser  pulse  of  dui.ition  t  ■■  I0"3,F  has  a 
spot'll. il  width  >f  10  1’  without  phase  dilftnaoii 
(l't  U).  Tims  ve  see  no  effect  of  additional 
broadening  liy  p.iasc  diffusion  until  I',  •  l's  '•  10T, 

at  which  point  Hie  gam  becomes  slightly  depressed. 
I’rogressiii,'  in  Tigs.  3 0 >)  and  3(e)  to  lunger  pulse 
dur.itiun  r,  we  see  the  general  result  that  no  cllect 
of  phase  diffusion  broad  ning  is  apparent  until 
rt  i  l‘j  1/t.  The  ste.oly-slalc  limit  occurs  in 
Fig.  3(d),  where  no  difference  is  seen  between 
Tr  .  10  and  Tt  --  10'. 

IV.  SPECTRUM  Ol  THE  STOKES  OUTPUT  IN  STEADY  STATE 

In  Sees.  I— lit  the  input  Stokes  wave  has  been 
taken  to  have  a  width  Fx.  Dut  because  al >  of  the 
power  in  the  broad-band  pump  laser  is  effective 
for  amplifying  the  Stokes  wave,  it  is  interesting 
to  ask  what  becomes  of  the  spectral  distribution 
of  tire  Stokes  wave  after  it  has  been  amplified.  In 
this  section  we  calculate  the  spectrum  of  the 
Stokes  wave  in  the  steady- state  high-gain  limit, 
in  two  different  eases:  rt-0  and  r^ssF. 


»•  <«•) 


ETC,  3.  Normalized  Stokes  output  Intensity  ss  a  func¬ 
tion  of  gz  (or  iiump-tascr  intensity),  evaluated  numert- 
lealty  using  Kqs.  (17b),  (IS),  and  (HHjI,  (or  various 
values  of  the  bandwidth  ratio  (  Et*  rs)/r,  where  r  is 
the  Human  llncwidlh,  anti  l'B  mid  rs  arc  tlie  haiuht Tilths, 
iluc  to  phase  diffusion  broadening,  of  the  pimp  and  probe 
(Stokes)  lasers,  Four  tlifforcnt  |ulsc  lem-ths  r  are 
shown:  (a)  Et  -  1 0"  *,  transient  limit;  0>>  fr-ltT1;  (e) 
rr»l;  ft)  fr-tO  and  103,  slcudy-siate  limit.  In  all 
cast'll  Die  effect  of  tlie  laser  bamlwlflths  become*  reln- 
ttvciy  unlinpirlant  al  high  gains. 
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For  a  stationary  wave  Afr).  the  definition  t>|  Itir 
power  N|»  i-| nun  /*(->')  is 

PM  -f  r-,“,K(s)./s  ,  (31) 

where  u%  is  lln*  frequency  ;»s  measured  from  the 
frequency  <»t  the  earner  wave  ami  i’u’l  is  the 
Fourier  transform  of  the  electric*  field  autocor¬ 
relation  function  K  (s  )t 

A(.')-<(/:(T)f(T  ,s)».  (32) 

II  is  easy  to  show  from  t'q.  (31)  that  PM  is  nor¬ 
malized  as  follows: 

J"  PMdu^K{  0)  - « |  A(r)|  -» .  (33) 

_ I 


As  an  example,  when  Ftp  (31)  Is  used  to  calculate 
the  laser  s|velrtuii  from  the  correlation 

function  K<|.  (K»)#  one  finds 

PLM  Sj'L’si'  (34) 

mil  L 

a  l.orcnl  '.ian,  as  stated  in  S,-c.  III.  We  van  use 
IlK'  general  solution,  Kq.  (11),  In  determine  A'  (.« ) 
for  the  Stokes  wave 

*■(»)“  tfiJlUTlKWIflT  -  •')»,  (35) 

where  we  have  attain  kept  only  the  term  which 
dominates  in  the  high-gain  limit.  In  steady  state 
(t  -.")  we  expect  that  A (si  will  depend  only  on  s 
and  not  t.  A'(s)  can  be  evaluated  as 


K(^S>oy-  (\,t>  f\r’f(r-pmr  (36a) 

4  Jo  6f0 


=«i,~  [  <i*  r  dyfi*V(y)G(r. y. s)c-r« ■•*’**' 

4  •'o  ,/0 

where 

c(*,y, s)  =  expires  ♦* I  +  |* -y  |—  I* -y  **| 

(36c) 

Here  C(r,y,.<)  Is  the  four-time  correlation  func¬ 
tion  of  the  iKiinp-lascr  field,  assuming  the  pliase 
diffusion  model,  and  is  evaluated  in  Appendix  D. 

In  derivin';  Eq.  (36b)  we  have  used  x-t-t'  and 
y  tt  1 1  —  r*.  In  steady  slate  the  upper  Integration 
limits  are  extended  to  infinity  and  A  (s)  becomes 
Independent  of  T.  In  order  to  simplify  the  absolute 
values,  the  integral  is  transformed  to  the  triangu¬ 
lar  region  above  the  y-x  line  by  use  of  the  pro- 
pertyC(y,x,s)-C(x,y,-s).  Then  for  the  Stokes 
spectrum  wc  have 


P, 


.  21 

,ai 


(36b) 


(to*  (2I\  .rs)  (io*F, 

*  =  u’*(2rt\r,)!  V+rj  * 

we  can  write 

£1  =  2ReA.e-,rt,r*"'-*» 

♦  2  ReA.e*^T,»*,•  cosui(y  -  x) 
-2  sinw(y  -  x) , 

£,  =  2(-RcA.  cotux  *  ImA.  sinwx) 

-2(ReA.  cosay  *  ImA.  slnay ) 
x  €*rtt,.»i.r,« , 


(38a) 


(38b) 


(38c) 


Equations  (37)  and  (38)  are  now  used  to  evaluate 
the  Stokes  output  spectrum  In  two  different  cases. 


*f,  **  j£’*/l*Vtr»<«.y.w).  <5Ta) 

where 

£(x,  y,  to)  -  2  Rce’rt'»‘"  j  ds  e"1*" 
x«p(rt(|s*x|  *|*-y| 

-  |* -y  esr|  -  |  *))  -r,|s-y.x|l. 

(37b) 

The  transform  £  can  be  calculated  under  the  condi¬ 
tion  x«y.  We  write  £  as  the  sum  of  two  parts 
£-£,•£,.  Defining 


A.  Stokes  output  ipectnun  for  s  munochtonwlic  pump  bier 

Here  we  treat  the  case  that  the  pump  laser  is 
monochromatic  (rt*0)  and  the  spectral  width  of 
the  input  Stokes  is  allowed  to  assume  two  different 
limits:  r,  =0  or  F,  »  F.  The  steady-state  gain 
(or  these  two  limits  has  already  been  given  in 
Eqs.  (H)  ami  (25). 

Tim  spectrum  is  easily  obtained  by  setting  F, 

-0  in  Eq.  (38).  Then,  because  A.- 0,  we  have 
£,  =  0  and 

£,-4|r,/(u>’*r})lc«>su>(y-x).  (39) 

Transforming  back  to  the  full  jr.v  quadrant  gives 
for  the  6|X'ct  rum  of  the  Stokes  output 
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I 'l 


i  \  1  r  41  < 

lr,  4  u*  <  *  5 

x  J  f  «/v  f  .'\f(v|f'(v)ci>Su.’(v  -  v) 

(40a) 

rl  n:  1,11 

(40b) 

when*'* 

/  fcU9/{x)ih 
•o 

(40c) 

111  the  high-gain  limit  the  Stokes  output  spectrum 

is 

7f)- 

(41) 

II.  Slokrx  tiul|Hil  s|hm  I r mu  fur  a  I’l u  hl  h.Tiul  pump  hrci 

Here  wo  tio.il  the  case  lint  Hio  |nnu|>  laser 
width  IS  1.11,11'  than  tlie  .ilotnir  width  (!',  I') 

anti  t lie  input  Mokes  wiillli  I',  is  arbitrary.  The 
spectrum  it;  iililained  liv  applying  several  approxi¬ 
mations  lo  lap  (33).  First  note  that  in  the  high- 
gain  limit,  only  X,  will  p.ive  a  significant  con¬ 
tribution  to  I  lie  spectrum  because  its  exponent  nils 
damp  as  (v -a),  rather  than  (y  4  v).  Thus  alone 
Die  line  v-->,  I,  is  large,  while  X, becomes  neg¬ 
ligible.  Second,  note  that  because  P,  ♦  I's  is 
assumed  large  (Tt  *  P's  >•  P,  or),  we  may  replace 
(he  exponential  factors  by  properly  normalized 
della  functions,  as  in  the  argument  leading  lo  Eq. 
(20); 

C-  T*  •  rs  *  ',-*  *  -  (rt  4.  Tj )- '  6(  y  _  A ) ,  (44a) 

t *rt  cosu>(y  -  x)  - 1  rt/(w»  4  rj  ))«(>'  -  x) , 


To  put  this  result  into  proper  form  we  must  as¬ 
sume  one  of  the  two  above-mentioned  limits. 

The  first  limit  Is  that  of  a  monochromatic  input 
Stokes  wave  {Vt  -  0).  Here  we  can  use  Eq.  (14a) 
for  the  output  Stokes  intensity:  ((|fc'j(z,«>)|J)) 

=  Then  Eq.  (41)  can  be  rewritten,  in  the 

limit  l'|  -0, 

I*.  (ta»)  -  6(wK<  |£«  U,  •)  |*»  -  (42) 

Thus  wc  see  that  the  oul|ut  Stokes  wave  is  mono¬ 
chromatic  when  the  input  Stokes  wave  and  the  pump 
laser  arc  monochromatic,  as  expected. 

The  second  Until  is  r,  :■>  r.  Here  wc  again 
consider  a  monochromatic  puntp  laser  (Tt  »0) 
and  use  Eq.  (25)  for  the  Stokes  output  4;  |L's(z,  w)!1) 
to  rewrite  Eq.  (41)  for  the  Stokes  output  spectrum 
as 


(43b) 


where  the  last  step  is  valid  because  the  halfwidth 
((luDl'V^r’  of  the  exponential  factor  is  much 
less  Ilian  P  ami  r,.  Note  that  |;q.  (43b)  is  nor¬ 
malized  as  in  Eq.  (33).  Equation  (43)  describes 
a  Loicnl/i.in-slupod  atomic  line  of  width  r  that 
has  been  gain  narrowed.  The  ideal  that  tlie  center 
of  the  line  will  experience  more  gain  Hum  the 
wings  is  a  familiar  idea  in  laser  theory.  A  com¬ 
parison  of  the  atomic  line  and  the  gain-narrowed 
Slokes  line  is  shown  in  Pig.  4  for  the  c.ihca'z  *  15. 


(44b) 

e‘r«-  *»-*•  Si„  Ui(y  -  x)  -  (w/tu'1  «.  rj)]6(v  -  x) . 

(44c) 


KIC.  4,  Cumparls4>n  of  the  Lorent/.lan  Raman  line 
shape  (rurve  (a)|  with  atomic  halfw  iiltli  P,  ami  llie  gnln- 
narrowed  (K| t f - 1 1  stokes  sjx'ctMun  (.  love  (b)j  uilli 
hfdlwidlh  (In:* I'Vj.v )i/:  for  gt  *  1.1,  plolU'd  from  Kq . 
<4:114.  This  Slokes  spectrum  narrowing  results  when  the 
pump  laser  Is  monochromalic  «ml  the  inpul  Slohrs  laser 
is  broad  Kami. 
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2:11.1 


i*» 


Combining  Hu  so  results  gives 

Jii-H'tr,  ♦  rs)||r,  - »).  (45) 


Now  llio  spoctrum  of  Hie  output  Stokes  intensity 
rs(u)  is  easily  evaluated  from  Eq.  (37a): 


;»  (a.)-  _!_,$*  _ _ I _ £/■_ 

'  s'  Su  4  rt ♦  r,  «-«  r> 


xfVoMy.  (40a) 

*  0 

/*s<u*)=  «|t‘sU.-)|*»  ,  («b) 

where  we  used  Kqs.  (17b)  and  (20a)  to  define  the 
output  Stokes  intensity  ij|E ,(z,  *)|JJ.  Note  that 
Ps(w)  is  normalized  as  required  by  l'q.  (33).  This 
indieates  that  our  neglect  of  £t  is  justified. 

Comparing*  Eqs.  (4Cb)  and  (34)  shows  that  the 
Stokes  wave  assumes  exactly  the  same  speetnun 
as  the  pump  laser  during  the  amplification  process, 
regardless  of  the  spectral  width  of  the  input  Stokes 
wave. 


V.  DISCUSSION 

In  the  ease  just  treated,  that  the  pump  laser 
width  is  greater  than  the  atomic  width  (rt»  r), 
our  interpretation  is  that  the  fluctuations  in  the 
phase  of  the  pump  laser  dominate  the  lime  be¬ 
havior  of  the  amplification  process.  Indeed, 

Carman  ct  al found  numerically,  in  the  case  of 
a  quadratic  phase  sweep  in  the  pump  laser,  that 
the  Stokes  phase  closely  followed  this  sweep  after 
a  brief  initial  period.  Our  result  for  the  Stokes 
spectrum  [Eq.  (40)  is  consistent  with  the  conjecture 
of  Carman  ct  al.  that,  when  Tt  >:•  E,  the  Stokes 
phase  always  follows  the  pump  phase  in  the  high- 
gain  limit,  regardless  of  the  phase  structure  of 
the  input  Stokes  wave.  If  correct,  this  effect, 
which  we  will  call  “phase  locking,”  also  explains 
the  fact  that  the  gain  is  unaffected  by  the  pliase 
flucutations  which  lead  to  the  bandwidth.  As  Car¬ 
man  cl  al.  pointed  out,  if  the  phases  ips  and  g>L 
differ  al  all  points  by  a  constant  l< r>s(z,t)  =  ^>L(z,t) 

♦  the  phases  drop  out  entirely  from  Eq.  (11), 
leading  to  the  narrow-band  gain  result,  Eq.  (14). 
Thus,  the  idea  of  "phase  locking"  leads  to  results 
consistent  with  our  results  for  VL  »  T.  When  both 
rt  and  Ts  are  larger  than  P,  we  can  say  that  the 
amplified  Stokes  wave  builds  up  from  the  broad¬ 
band  iniHil  noise  in  a  way  which  automatically 
satisfies  v’s  ♦‘•'V  Tint  is,  only  that  part  of 
the  noise  which  satisfies  this  relation  will  e  - 
periencc  large  gain. 

To  illustrate  tlie  idea  of  phase  locking  we  have 
conqured,  in  Fig.  5,  several  steady-state  gain 
curves.  We  have  reproduced  curves  from  Pig. 


3(d),  calculated  from  tin1  evict  equations  (labeled 
"phase  locked").  We  have  also  plotted  curves  using 
l’q.  (14a)  (labeled  "narrow  band"),  and  also  using 
Eq.  (14. i)  with  replaced  by  ,,  of  Eq.  (2‘.i)  (labeled 
"unlocked").  We  see  that  at  low  gains  the  exact 
curve  follows  the  "unlocked"  curve,  consistent 
with  the  idea  that  there  is  no  correlation  between 
the  output  Stokes  and  pump  laser  waves.  This 
low-gain  behavior  was  predicted  at  the  end  of 
Sec.  Ill n.  However,  at  high  gains  the  exact  curve 
approaches  the  "narrow-band"  curves,  consistent 
with  the  idea  that  it  has  become  "phase  locked," 
resulting  in  an  enhanced  gain.  We  thus  see  that 
phase  locking  appears  to  occur  only  above  a  cer¬ 
tain  (threshold)  gain.  In  contrast  to  the  behavior 
found  in  the  present  treatment,  Dzhotyan  et  «/.** 
found  in  the  multimode  approach  (see  Sec.  I)  that 
the  “narrow-band”  gain  was  appropriate  even  at 
low  gains.  This  is  a  major  difference  between  the 
two  models. 

Finally,  we  point  out  that  we  have  treated  only 
the  case  of  Hainan  amplification,  and  not  SHS 
which  grows  from  the  initial  Stokes  photons  spon¬ 
taneously  emitted  with  frequencies  near  ui,,  in 
the  absence  of  an  external  input  Stokes  wave  at 
tliat  frequency.  Here  we  wish  to  make  some  con¬ 
jectures  on  the  outcome  in  the  latter  case.  We 
may  consider  the  spontaneous  photons  as  making 
up  the  source  term  /;s(0,  r).  Although  here  we 
certainly  cannot  make  the  decorrelation  of  the 
pump  wave  Et(r)  and  source  term  /Ts(0,  t)  that 
we  made  in  connection  with  Eq.  (18),  we  still  ex¬ 
pect  that,  at  high  gains,  the  major  results  we  have 
obtained  do  apply  to  spontaneously  generated  SRS. 
That  is,  we  expect  the  gain  to  be  essentially  in- 


FIG.  5.  Normalized  Stokes  output  Intensity,  in 
steady- state,  as  a  function  of  gt  (or  pump-laser  inten¬ 
sity),  for  two  different  laser  bandwidth  ratios:  (a) 

(T|4  rs)/r»l  and  0>>  (  rL+ r*)/r=  10.  In  both  eases, 
the  exact  results  (lalieled  “phase  locked")  arc  seen  to 
agree,  at  low  gains,  with  the  results  one  would  ex|vcl 
tn  the  absence  of  phase  locking  (labeled  "unlocked") , 
which  were  obtained  by  replacing  T  by  I"  •  •  Ts  in  the 

expression  (Lq.  (I-lb)|  for  the  gain  coefficient  g.  How¬ 
ever,  at  higher  gains,  the  exact  results  approach  the 
narrow-hand  curve  (Eqs.  (14a)  and  (l-lb)J. 
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dependent  of  pniitp-l.i.cr  bandwidth,  .out  uln'it  (he 
pump  IuivIa  ullli  i*-  greater  lluis  H>c*  atom..-  width 
we  expert  the  output  :'RS  to  assume  the  jpeetnim 
of  the  |>ump. 

vt  si  mm  \t:v 

Using  the  phase  dilmsion  model,  we  tiave  ex¬ 
tended  th.  theory  of  stimulated  Hainan  se.iitcrinr, 
in  the  ease  of  two  interacting  classical  waves 
(pump  and  input  Stokes),  to  allow  for  aihilrary 
bandwidth  of  either  wave.  In  the  forward  direction 
if  there  is  no  dispersion,  we  showed  that,  in  the 
high-pain  limit,  (lie  pain  of  the  Stokes  wave  is 
essentially  independent  of  the  input  bandwidth  of 
either  wave.  In  the  low- pain  limit  the  pain  co¬ 
efficient  was  found  to  bo  inversely  proportional  to 
the  sum  of  the  bandwidlhs.  We  also  calculated  the 
spectrum  of  the  output  Stokes  wave,  in  1 1  to  high- 
gain  limit,  under  various  conditions.  We  found 
that  when  the  pump  bandwidth  l"t  is  greater  than 
the  atomic  width  T,  the  Stokes  wave  assumes  ex¬ 
actly  the  spectrum  of  the  pump  laser,  ropardless 
of  the  spectral  width  P5  of  the  input  Stokes  wave. 
When  both  input  waves  are  monochromatic 
(rt,  rs  -0),  we  found  that  llie  Stokes  spectrum  is 
unchanged  by  tlie  amplification  process.  Finally, 
when  I',  =-  0  and  Ts»  I',  we  found  that  the  output 
Stokes  wave  has  a  spectrum  which  is  a  gain- 
narrowed  atomic  profile;  that  is,  the  Stokes  width 
becomes  much  narrower  than  the  atomic  width. 

Note  added  in  proof.  A  recent  preprint  by  \V.  R. 
Trutna,  Y.  K.  Park,  and  R.  L.  Dyer  (to  appear  in 
IEEE  J.  Quant.  Electron.  (July  1079)]  has  come  to 
our  attention.  Broad-band  SRS  was  treated  using 
the  coupled- wave  approach  (similar  to  that  in  Ref. 
22)  and  qualitative  agreement  wau  found  with  our 
work  in  the  high-gain  limit.  At  low  gains,  how¬ 
ever,  their  treatment  indicates  no  suppression  of 
the  gain,  in  contrast  to  our  results  [Eq.  (30)]. 
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AITI  NDIK  A 

Here  we  discuss  more  carefully  the  elimination 
of  o}  from  Fq.  (3).  We  first  neglect  <.*,  in  F.q. 

(3b),  as  A,  is  assumed  to  be  much  larger  than 
Hie  pump  laser  bandwidth.  The  formal  solution 
of  Eq.  (ab)  can  then  be  written 


n.(l)-.  f'  (Ai) 

il 

C(0  =  »j:.t;,..|(/)4’flvn,(f)|.  (A2) 

Repealed  integration  by  parts  gives 

— 7- - — 

:<(/)_  'K(n) 

♦ - T— V- - -  •  •  .  (A3) 

(tA,) 

Note  Hal  since  <i,(t>)  =  1  and  <r2(0)  =  0,  g(0)  *  i(')Hf . 
When  one  assumes  A,  **  As,  0, ,  v’s,  ,  ns,  it  can 
bo  shown  from  F.q.  (3)  that  £(/)•-.  At  i; (t ) .  Thus 
when  Ar  is  large,  one  is  left  with 

ot(f)  '  |i.-(f)-i"nle*‘4t'|/'Ai.  (Ad) 

However,  because  A,  is  large,  Hie  exponential 
term  oscillates  rapidly  compared  to ,!;(/).  Hence, 
in  llie  spirit  of  the  RWA,  we  neglect  the  rapidly 
oscillating  part  and  retain  only  the  slowly  varying 
part: 

o2(l)  ~  s(l)/i^L  ---  (Jnt «,(/) \fls  a3(t))/\  .  (A5) 

It  is  interesting  that  Hie  same  result  is  obtained 
by  merely  setting  o2  =  0  in  Eq.  (3b). 


APPENDIX  II  PHASE-DIFFUSION  MODEL 

The  phase-diffusion  model  for  laser  bandwidth 
describes,  to  good  approximation,  a  cw  laser 
operating  well  above  threshold,  where  the  in¬ 
tensity, /(/)  =/0+/'(f),  is  nearly  constant,  with 
average  value  /„  and  small  fluctuations  /'(f). ,s 
However,  well  above  threshold  the  phase  <p(f) 
fluctuates  randomly,  in  a  way  reminiscent  of  a 
diffusing  Brownian  particle.  Simple  laser  theory 
gives  the  equations  for  the  intensity  and  phase 
asM 

/'(/)  =  ->/’(/)  +  /,(/),  (Bl) 

V(t)  «/=•,(/),  (B2) 

^  where  /•',(/)  and  /■',(/)  are  random  Langevin  forces 
willi  correlation  functions 

iFl(ll)F,(t,)}«2D0(ll-t ,), 

«/=•,(/,)/•',(/..)>''  =  2r6(/,-/2), 

and 

4/ ,(/,)/ ,(/2)»-o. 

Here  1/A  is  llie  correlation  time  of  (he  intensity 
fluctuations,  with  mean  value  I)/ A,  and  !'  is  Hie 
bandwidth  of  the  light.  These  (•  correlations  sim¬ 
ply  imply  that  the  forces  fluctuate  on  a  time  scale 
shorter  Ilian  any  other  interesting  time  scale. 

Tlie  phase-diffusion  model  is  based  on  Hie  as¬ 
sumption  that  the  intensity  exhibits  no  fluctuations, 
/'(/)  =  0,  and  Hint  llie  phase  fluctuates  according 
to  Eq.  (U2).  The  correlation  function  for  the  phase 
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can  lv  derived  (rum  l'q.  <  I  IK )  as 

{(.»V-  [''’ll  /''<// V, ('>/,(''!> 

J  !•  •  O 

■  l/.-fjl),  (B3) 

whore  we  h.tvo  taken  ■  (lO  0,  since  llie  results 
calculate;!  later  runnel  depend  on  (,'(0)  (or  a 
stationary  process.  In  the  present  context,  the 
aim  o(  Hie  model  is  to  calculate  correlation  (unc¬ 
tions  for  the  field  /.'(()  -  u  c1'  where  ve  are 
using  the  notation  of  l’q.  (0).  Here  we  have  as¬ 
sumed  that  the  field  amplitude  &  (and  thus  the 
intensity)  is  a  constant.  So  the  correlation  func¬ 
tions  can  be  vrit  ten 

<£((,)  •  •  ■£((„)*;•((.,.,)  •  ■•£*(/,)> 

•  i'GexpJM/,)  ♦  •  •  •  +tV(0 

-Ml..,) - MOD-  <n4) 

In  order  to  calculate  these  correlations  it  is 
expedient  to  further  assume  that  the  phase  <,’(!) 

Is  a  Gaussian  stochastic  quantity,  that  is,  cor¬ 
relation  functions  of  any  order  can  be  expressed 
in  terms  of  the  tv.o-timc  correlation  function  of  the 
phase  £(,'(/, MOJ.  Specifically,”  we  have 
«*>((,)  •••<*>((,„>»  *0, 

Ml,)  •  •  •  <p(i^)  *  2  M(|,Mf| )))  •  >  • 

*MO,-,M'iJ».  (B5) 

where  the  summation  is  taken  over  all  unique 

permutations  of  I . . A  useful  relation  can 

be  derived  from  Eq.  (115),  which  makes  it  easy 
to  calculate  the  correlation  functions  in  Eq.  (134). 
This  is 

((exp (ij 

«cxp(-  ~J’ drf  dt-j(r)j(n 
*ic «(rMr)»),  (B6) 

where  J(t‘)  is  an  arbitrary  function.’*  This  re¬ 
lation  can  be  proven,  term  by  term,  after  ex¬ 
panding  the  exponentials  and  using  the  property 
Eq.  (D3). 

Wc  can  now  calculate  the  desired  correlation 
functions.  By  letting  /((*)»  6(f *••/,)  in  Eq.  (DC) 
we  get 

«£(/,)>  -  S  icxp(Mf  ,)|? 

•  acxpf-n.l-o,  (d7) 

where  wc  have  taken  Hie  stationary  limit  VI,  -  •>, 
where  Hie  initial  transients  liavc  died  out.  Thus 
the  average  field  is  zero,  as  expected  for  a  flue- 


tu.it ini:  field .  II v  letlini:  J Hi '-/,)-  '■(!•  _  (.1 
in  Eq.  (llti)  we  pet 

(>  (/,)/■  •(/,)  r  f:i.r\p|/,  (t,)  -  i.  ;/,)] ; 

=  iS2exp(-r!.'|-l,]).  (1111) 

Tin.  power  spcclnun  of  the  fit  Id,  given  bv  Hie 
Kourier  li-aie.l.nin  of  the  two-time  correlation 
function  in  Eq.  (HB),  is  thus  a  I.orentzian  wit  It 
halfwidth  T.  The  four-time  correlation  I  unction 
used  in  Sec.  IV  can  be  calculated  by  letting 

d(f ')  =  *(('  -/,)  +  #(/'-/,) 

6(1'  -f4), 

which  gives 

«£(/,)£(/,)£•(!,)/:*(/,)» 

•  i’cxptnlf.-fjl  ♦  |f,-fj  - 
-|f,-/,|-|/,-f,|-|f,-fJ)}.  (B9) 

This  result  can  be  used  to  illustrate  one  of  the 
basic  assumptions  of  the  phase-diffusion  model. 

By  letting  /,»(,  and  (,  =  /,,  and  defining  the  in¬ 
tensity  as  /(/)*  ]/?(/) |2,  we  can  sec  from  Eq.  (B9) 
that  the  intensity  correlation  function  is  given  by 

</(/,  )l  (/,)$  =  ««./;,  (BIO) 

l.e.,  the  Intensity  is  always  perfectly  correlated 
with  Itself  In  the  phase-diffusion  model,  because 
It  does  not  fluctuate. 

APTENDIXC 

Here  we  describe  the  numerical  technique  used 
to  evaluate  the  double  integral  In  Eq.  (19b).  Let 
r«(r-T')l,,p  «»(r- imYn,  and  o»(a*)l/*.  Then, 
wo  have 

-.i/« 

f  I>*(t)1*>»4  J  dr J'  dte’^'l^ar) 

xr  •r,,/1(rts)c•,^l•^*,l•,•,,,  (Cl) 

- » 1  -  r  . 

*tf  drj  dsc’r’  I, {nr) 

(C2> 

whore  we  used  Hie  symmetry  of  Hie  Integrand  In 
Eq.  (Cl)  with  respect  to  Interchange  of  r  and  s. 
Now  defining 

•»(»)=  'ilM*  5)|*» 

and 

r(v) . e" • 1  •ri* r* N’  j '  ,ls  " ri" r*  u,l,(ns) , 

(C«) 


u  a  t.  v  r  *» 


•Jtlfl 


M.  G.  K  U  Ml  It.  J.  MU  STOW  Ski,  AMI  J.  I..  CA  It  1ST  IN 


V.C  ll.t  v«* 


»(»)  / 

•  h  /,(ur)i  (r) , 

(rr.) 

from  which 

v.o  tun  obtain 

(CO) 

i-(i)^-2(r  * r, ,♦  i  j)u (c7) 

Thus  v.c  have  transformed  the  double  integral  into 
a  set  ot  two  rouph d  oidinnry  dufen  nti;d  t-qualions, 
Kqs.  (CO)  and  (CO,  v.huli  ran  be  solved  readily 
by  standard  numerical  techniques. 
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